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ON PAIRWISE PARALINDELOFF BITOPOLOGICAL SPACES 
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Abstract. The aim of this work is to introduce and study some new types of generaliza¬ 
tions of pairwise paralindeloff spaces, pairwise nearly paralindeloff and almost paralindeloff 
spaces. Some of their characterizations, properties and subsets are investigated and stud¬ 
ied. Furthermore, the relation of among them with some pairwise separation axioms are 
considered. 
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1. Introduction and Preliminaries 

The idea of bitopological spaces was first initiated by Kelly [1] then thereafter several studies 
were carried out in order to generalize the topological concepts to bitopological settings. The 
concept of nearly paralindeloff spaces was hrst introduced and studied by Thanapalan [2]. 
Further, in |3] and |1], studied the idea of almost paralindeloff space and presented some 
of properties. The aim of this work is to study the idea of nearly and almost paralindeloff 
bitopological spaces, which will be denoted by Ri-nearly paralindeloff, R^-nearly paralinde¬ 
loff, Ri-almost paralindeloff spaces. Some of their characterizations, properties, subspaces 
and subsets are studied and investigated. In addition, the relation of among them and some 
pairwise separation axioms are also considered. 

Throughout this paper, all spaces (A, r) and (A, ri,r 2 ) are always meant topological spaces 
and bitopological spaces, respectively. A space (A, ri,r) 2 ) is said to be (i, j)-almost regular 
[5] (resp. (i, j)-regular space [T]) if for each x E X and each (i, j)-regular open (resp. i- 
open) set U containing x, there exists an (i, j)-regular open (resp. i-open) set V such that 
X eV O j — cl(y) C U. (A, ri,r) 2 ) is called pairwise almost regular (resp. pairwise regular) 
if it is (1, 2)-almost regular and (2, l)-almost regular (resp. (1, 2)-regular and (2, l)-regular). 

Definition 1.1. A space (A, ri,r 2 ) is said to be 

(1) i-P-space if any countable intersection of arbitrary collection of i-open sets in X is 
i-open. X is called P-space if it is i-P-space for each i = 1, 2. 

(2) {i, j)-P-space if any countable intersection of arbitrary collection of i-open sets in X 
is j-open. X is called B-P-space if it is both {l,2)-P-space and (2,1)-P-space. 

(3) {i, j)-Pr-space if any countable intersection of arbitrary collection of {i, j)-regular 
open sets in X is {i, j)-regular open. X is called pairwise Pr-space if it is both (1, 2)- 
Pr-space and (2, l)-Pr-space. 
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(4) {i,j)-weakly P-space if for any countable family {f/„ : n G N} of i-open sets in X, 
we have j — ~ clfUn)- X is called pairwise weakly P-space if it 

is both {l,2)-weakly P-space and (2, l)-weakly P-space. 

Definition 1.2. [6] [7]. A bitopological space X is said to be {i, j)-nearly Lindelof if for 
every i-open cover {Ua ■ a G A} of X, there exists a countable subset : n G M} such that 
X = — int{j — cl{Ua„)) ■ X is called pairwise nearly Lindelof if it is both {l,2)-nearly 

Lindelof and (2, l)-nearly Lindelof. 

The concept of extremely disconnectedness was first extended to a bitopological space 
(A, ri,r 2 ) by Datta [8]. 

Definition 1.3. [8]. A bitopological space (X, ri, T 2 ) is said to be {i, j)-extremely disconnected 
if the i-closure of every j-open set is j-open. X is called pairwise extremely disconnected if 
it is both (1,2)-extremely disconnected and (2, l)-extremely disconnected. 

2. PAIRWISE NEARLY PARALINDELOF SPACES 

Definition 2.1. A bitopological space X is said to be {i, j)i-nearly paralindelof if every cover 
of X by {i, j)-regular open sets has i-open refinement which is j-locally countable. X is called 
Bi-nearly paralindelof if it is both (1, 2)i-nearly paralindelof and (2, l)i-nearly paralindelof. 

Remark 2.2. It is clear that every {i, j)-nearly Lindelof is {i, j)i-nearly paralindelof. 

Example 2.3. Let Q be an irrational numbers with the discrete topology Tdis. It is clear that 
(Q, Tdis, Tdis) is Bi-nearly paralindelof (see [9] j. But X is not pairwise nearly Lindelof space 
because X is not pairwise almost Lindelof (see m)- 

Before the next theorem, we state the some properties of Tlocally countable of a bitopo¬ 
logical space X. 

Lemma 2.4. Let {X,ti,T 2 ) be a bitopological space and B be a basis containing Ti-open 
subsets of X. Then A is i-open if and only if for each point x G A there is Lf E B with 
X eLf C A. 

In particular, since B a basis for r*. Lemma [2.41 provides a very useful way for showing that 
a given set A is Topen for i = 1,2. 

The main property of i-locally countable families is following. 


Theorem 2.5. Let a bitopological space {X,ti,T 2 ) be i — P-space and U = {Ua\o. G A} be 
i-locally countable family in X. Then: 

(1) {i — cliUa) '■ tt G A} is also i-locally countable. 

(2) For each A C A, lj{i — cl{Ua) : a G A } is i-closed in X. 

Proof (1). Since the collection {Ua '■ Oi G A} is i-locally countable, then for each x E X 
there is a neighborhood such that Ua(^Ox = ^ for all but at most countably many a. 
Ua{^0^ = ^ ^ Ua F X - ^ i - cl{Ua) F X - ^ i - cl{Ua) H = 0. This 
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completes the proof. 

(2). Let B = UaGA* - cl{Ua)- From (1), for each x ^ B there is a neighborhood Ox 
meeting at most countably many members of {i — cl{Ua) '■ a G A} say, i — cl{Ua^)0 — 
cliUa^)) — cl{Ua „),then Ox n(rineN(^ ~ is i-open neighborhood of x not 

meeting 5, so by Lemma [2.41 X — B is i-open. Thus B is i-closed set. 

Corollary 2.6. Let a bitopological space {X,ti,T 2 ) be P-space and U = {Ua '■ a G A} be 
locally countable family in X. Then: 

(1) {cI{Uq)\ol G A} is also locally countable. 

(2) For each A' C A, [j{d{Ua) : a G A'} is closed in X. 

Theorem 2.7. If X is {i, j)i-'nearly paralindelof, {iO)-dmost regular and j-P-space, then: 

(1) Every {i, j)-regular open cover of X has {i, j)-regular open refinement which is j- 
locally countable. 

(2) Every {i, j)-regular open cover of X has j-closed refinement which is j-locally count¬ 
able. 

(3) Every {i, j)-regular open cover of X has {i, j)-regular closed refinement which is j- 
locally countable. 

Proof. 

(1) . Let U be any (i, j)-regular open cover of X. Let x E X. Then, there exists some 
U E hi containing x. Since X is (i,j)-almost regular, there is (i, j)-regular open set 14 
such that X E Vx P j — cl{Vx) 4 Ua- Now, V = {14 : x G X} is (i, j)-regular open cover 
of X therefore it has j-locally countable family W = {Wx : A G A} of Topen sets in X 
rehning V and covering X. It is known that Wa Pi — int{j — cl{Wa)) 4 j — cl{Wa). Set 
TL = {i — int{j — cl{Wa)) ■ a G A}. So, P covers X and j-locally countable because it is 
a subfamily of j-locally countable by Theorem 12.51 Moreover, since W is refinement of V, 
then for each 114 £ FV there is a 14(a) ^ V such that 144 4 14(a)- Furthermore, we have 
i — int{j — c/(144)) 4 j — cl{Wa) 4 j — cl{Vx(a)) P U for some U eU. Therefore, P is also 
rehnement of lA. This completes the proof. 

(2) . Let U be any (i, j)-regular open cover of X. Let x E X. Then, there exists some 
U E hi containing x. Since X is (i, j)-almost regular, there is (i, j)-regular open set 14 such 
that X E Vx P j — cliVx) 4 Ua- Now, V = (14 : x E X} is (i, j)-i'egular open cover of X 
therefore it has j-locally countable family W = (144 : A G A} of i-open sets in X refining 
V and covering X. Let P = {j — cl(W) : a G A} so that is also j-locally countable by 
Theorem 12.51 Since W is refinement of V, then for each 144 ^ FV there is a 14(a) ^ F such 
that Wa P j — cl(Wa) P j — cl{yx(a)) 4 U for some U Ehi. Therefore, P is refinement of U 
and covers X and the proof finishes. 

(3) . Let U be any (i, j)-regular open cover of X. Let x E X. Then, there exists some 
U E lA containing x. Since X is (i, j)-almost regular, there is (i, j)-regular open set 14 
such that X E Vx P j — cl{Vx) 4 Ua- Now, V = {14 : x G X} is (4 j)-regular open cover 
of X therefore it has j-locally countable family W = {IFa : A G A} of Topen sets in X 
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refining V and covering X. Now, since W is a collection of z-open sets, then we can rewrite 
K in (2) as following H = {j — d{Wa) : a G A} = {j — d{i — int{Wa)) : a G A} which 
is a family of (j, z)-regnlar closed sets, j-locally countable refining U and covering X as desire. 


Corollary 2.8. If X is Bi-nearly paralindelof, pairwise almost regular and P-space, then: 

(1) Every pairwise regular open cover of X has pairwise regular open refinement which 
is locally countable. 

(2) Every pairwise regular open cover of X has closed refinement which is locally count¬ 
able. 

(3) Every pairwise regular open cover of X has pairwise regular dosed refinement which 
is locally countable. 

The Theorem 12.71 leads to theorem and two corollaries as following. 

Theorem 2.9. In {i, j)-almost regular and j-P-space X, X is {i, j)i-nearly paralindelof if 
and only if every [i, j)-regular open cover of X has {id)-'<^^gular open refinement which is 
j-locally countable. 

Proof. Let X be (i, j)i-nearly paralindelof. Then, the condition holds from Theorem 12.71 
Conversely, since each (z, j)-regular open set is z-open, the proof completes. 


Corollary 2.10. In pairwise almost regular and j-P-space X, X is Bi-nearly paralindelof 
if and only if every pairwise regular open cover of X has pairwise regular open refinement 
which is j-locally countable for i,j = 1, 2 and i ^ j. 

Corollary 2.11. Let a bitopological space X be {i,j)-almost regular and j-P-space. If every 
{i, j)-regular open cover of X has {i, j)-regular open refinement which is j-locally countable, 
then every {i, j)-regular open cover of X has j-closed refinement which is j-locally countable. 

Proof. Since i — int{j — d{A)) C j — d{A) and by using Theorem 12.51 then with the same 
process of Theorem 12.71 (1), the proof is complete. 


Corollary 2.12. Let a bitopological space X be pairwise almost regular and P-space. If 
every pairwise regular open cover of X has pairwise regular open refinement which is locally 
countable, then every pairwise regular open cover of X has dosed refinement which is locally 
countable. 

Corollary 2.13. Let a bitopological space X be {i, j)-almost regular and j-P-space. If every 
{i, j)-regular open cover of X has j-dosed refinement which is j-locally countable and covers 
X, then every {i, j)-regular open cover of X has {j,i)-regular closed refinement which is 
j-locally countable (not necessary covering X). 

Corollary 2.14. Let a bitopological space X be pairwise almost regular and P-space. If 
every pairwise regular open cover of X has dosed refinement which is locally countable, then 
every pairwise regular open cover of X has pairwise regular dosed refinement which is locally 
countable (not necessary covering X). 
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Lemma 2.15. Let {X,ti,T 2 ) be a hitopological space and let 2 ) 5'^"(2 i)) pairwise 

semiregularization. Then 

(1) Ti — int{C) = — int{C) for every Tj-closed set C; 

(2) Ti - cl{A) = - cl {A) for every A e Tj; 

(3) the family of {ri^Tj)-regular open sets of {X,ti,T 2 ) is the same as the family of 

(4) the family of {Ti^Tj)-regular closed sets of {X,ti,T 2 ) is the same as the family of 

'^(ji))-'<"(^ 9 ular closed sets of (X, 2)^(2 1 ))/ 

(5) (4))(«i = "Lr 

Lemma 2.16. If the family {Vx : A G A} zs i-open refinement j-locally countable of {i,j)- 
regular open subsets {Ua ■ a E A} in j-P-space (X, ri, T 2 ), then {i — int{j — cl{Vx)) : A G A} 

is i-open j-locally countable of {Ua ■ a G A} in (-A, 2 )X (2 i))- 

Proof: Since i — int{j — cliVx)) G for every A G A and Vx i — int{j — cliVx)) C 
i — int{j — cl{Ua)) = Ua- Then, {i — int{j — cliVx)) : A G A} is i-open refinement of 
[Ua ■ a G A} in (X, 2 )X (2 i))- Now, we need to show that {i — intif — cliVx)) : A G A} 

is j-locally countable. Let x E X and G containing x. Since C Tj, G Tj. 
Now, {A G A : n Va 7 ^ 0} is countable because V is j-locally countable. Then, {A G A : 

UxU i — cliVx) 7 ^ 0} is also j-locally countable by Theorem 12.51 But, 

{Xe A:Uxni- inti] - cliVx)) ^ 0} C {A G A : t/,, n j - cliVx) + 0}, 
then {A G A : U^Ui —intif— cliVx)) 7^ 0} is countable. Hence, {i —intif— cliVx)) : A G A} is 
j-locally countable family in (X, 2 )) "^(2 i))- This implies that {i — intif — cliVx)) : A G A} 

is j-locally countable i-open rehnement of U in (X, 2 )X (2 i))- This completes our proof of 

Lemma 12.161 

Corollary 2.17. If the family [Vx : A G A} is open refinement locally countable of pairwise 
regular open subsets {Ua ■ a E A} in P-space (X, ri,r 2 ), then {i — intif — cliVx)) : A G A} 
is locally countable open refinement of {Ua ■ a E A} in (-A, 2 )X (2 1 )) fof'hJ = 1)2 and 

i 7^j- 

Theorem 2.18. Let (X, ri,r 2 ) be f-P-space. Then (X, ri,r 2 ) is ii, f)i-nearly paralindelof if 
and only i/(X, 2))'^(2 1 )) ii, f)i-nearly paralindelof. 

Proof. Assume that (X, ri,r 2 ) is (i, j)i-nearly paralindelof and let U = {Ua ■ o G A} be 
a (i, j)-regular open cover of (X, 2 )) '^{2 i))- Then, using Lemma 12.151 we get U is also (i, j)- 

regular open cover of (X, ti, T 2 ), hence it admits j-locally countable family V = {14 : A G A} 
of i-open sets in (X, ti, T 2 ) which rehnes U. Since 14 ^ i — intif — cliVx)) and using Lemma 
12.161 the collection {i — intif — cliVx)) : A G A} is still i-open j-locally countable rehnement 
of U in (X, 2 )X (2 i))- This leads to that (X, 2 )X {2 1 )) (bj)i-nearly paralindelof. 

Conversely, suppose that (X, 2 )) 42 1 )) (bj)inearly paralindelof and let U = {UaCn E A} 

be a (i, j)-regular open cover of (X,ri,r 2 ). So, Ua E for all a G A. Then, by Lemma 
12.151 U is also (i, j)-regular open cover of (-A, 2 )) 42 i))- Then, it has i-open j-locally 

countable rehnement V = {I 4 : A G A} in (X, 2 )) 421 ))- However, C r* implies 
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that V is z-open refinement of U in (X, ri,r 2 ). To prove that V is j-locally conntable 
in (X, ri,r 2 ), let x G X and f4 be any j-open neighborhood of x in (X, ri,r 2 ). Since 
U^Cj- int{i - {A G A : n 14 ^ 0} C {A G A : j - int{i - cl{U^)) H lA 7 ^ 0}- 

Since j — int{i — cl{Ux)) G C Tj and V is j-locally conntable in (X, 2 )) 4*21 )); 

{A G A : j — int{i — cl{Ux)) H 14 4 0} is conntable. Thns, {A G A : fl VA 4 0} is 

conntable. therefore, V is j-locally conntable in (X, ri,r 2 ). Then, (X, ri,r 2 ) is (z, j)i-nearly 
paralindelof. 


Corollary 2.19. Let (X, ri, T 2 ) he P-space. Then (X, ri, r 2 ) is Bi-nearly paralindelof if and 
only if (X, 2 ); 4*2 1 )) Binearly paralindelof. 

Theorem 2.20. Let X he {i, j)-almost regular, {i, j)i-nearly paralindelof, {i, j)-Pr-space, 
{j,i)-P and j-P-space. Then, every {i, j)-regular open covering of X has i-open star refine¬ 
ment. 

Proof. Let U = {f4 : o G A} be any (z, j)-regnlar open covering of X. Then by Theorem 
12.71 U admits j-locally conntable family V of j-closed refinement of U. For each 1/ G V, 
there exists a. Uy ^ Li snch that V (LLfy- For each x G X, let 

Mx = : X G P G V} -V-.xiVe V}}. 

Since X is (j, z)--P-space, — 17 : x ^ 17 G V}} is Aopen set. Moreover, H = • 

X G 17 G V} is (z, j)-regnlar open set becanse X is {i, j)-Pr-space so that H is z-open set. 
Thns, each Mx is z-open set. Let define the family AT = {Mj, : x G X}. For x G X, either 
xG17 GVorx^ 17V. So, in both cases x G Mx from that the family AT forms z-open 
covering of X. Now we shall show that AT is star refinement of U. Snppose that p G X 
is a fixed point and ATp = y}{Mx : p G Mx G AT}. Since V covers X, there exists 17 G V 
snch that p G 17. We claim that p G Mx 4 Uy- Let Mx be any member of AT containing 
p. By definition of Mx, if x ^ 17, then p G Mx C X — 17. Bnt this contradicts p G 17. 
Therefore, x G 17 and Mx 4 Uy. Then, every member of AT containing p is contained in Lfy 
and ATp 4 Uy G U. Therefore AT is z-open star refinement of U. 


Corollary 2.21. Let X he pairwise almost regular, Bi-nearly paralindelof, pairwise Pr and 
P-space. Then, every pairwise regular open covering of X has open star refinement. 

Remark 2.22. We can notice that every RR-pairwise paralindelof is Bi-nearly paralindelof. 
But the converse is not true in general because not each i-open cover is {i, j)-regular open 
cover. 

Definition 2.23. [6] [7]. A hitopological space X is said to he {i, j)-almost Lindelof (resp. 
{i, j)-weakly Lindelof) if for every i-open cover {Ua '■ ot G A} of X, there exists a countable 
subset {«„ : zz G N} such that X = IJneN^' “ (resp. X = j - X 

is called pairwise almost Lindelof (resp. pairwise weakly Lindelof) if it is both {l,2)-almost 
Lindelof and (2, l)-almost Lindelof (resp. (1, 2)-weakly Lindelof and (2, l)-weakly Lindelof). 

Proposition 2.24. . In (i, j)i-nearly paralindelof, {i,j)-semiregular and j-P-space, every 
(i, j)-weakly Lindelof is {i, j)-almost Lindelof. 
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Proof. Let U = {[/„ : a G A} be an (z, j)-regular open cover of X. Since X is (z, j)i-nearly 
paralindelof, lA admits an z-open refinement which is j-locally conntable V = {Vx : A G A}. 
Since X is (z,j)-weakly Lindelof, there exists a conntable snbfamily {Va„ : n G M} snch 
that X = j — c/(UnGNhA„)- Since X is j-P-space and the family V* = {Vx„ ■ n G M} is 
j-locally conntable (since V* c V), then j - c/(lJnGN^A„) = UneN^ “ Picking for 

n G G A snch that Va„ P Pa„, we get X = UneN^ “ c/(Va„) = UnGN^ “ 

Therefore, X is (z,j)-almost Lindelof. 


Corollary 2.25. In Bi-nearly paralindelof, pairwise semiregular and P-space, every pairwise 
weakly Lindelof is pairwise almost Lindelof. 

Proposition 2.26. (see W- An {i, j)-regular space is {i, j)-almost Lindelof if and only if 
it is i-Lindelof. 

Corollary 2.27. A pairwise regular space is pairwise almost Lindelof if and only if it is 
Lindelof. 

Proposition 2.28. In [i, j)i-nearly paralindelof, {i, j)-regular and j-P-space, every {i,j)- 
weakly Lindelof is i-Lindelof. 

Proof. Let {Ua ■ « G A} be an z-open cover of X. Since X is (z, j)-regnlar, then it 
is (z, j)-semiregnlar. So X is (z,j)-almost Lindelof by Proposition 12.241 Also, since X is 
(z, j)-regnlar, then X is z-Lindelof by Proposition 12.261 


Corollary 2.29. In Bi-nearly paralindelof, pairwise regular and P-space, every pairwise 
weakly Lindelof is Lindelof. 

Definition 2.30. A bitopological space {X,ti,T 2 ) is said to be {i, j)*-almost regular if for 
any {i, j)-regular closed set A and any point x E X, there exist i-open set U and j-open 
set such that A U,x E V and U O V = 0. X is called B*-almost regular if it is both 
{l,2)*-almost regular and (2, l)*-almost regular. 

Proposition 2.31. A bitopological space X is {i, j)*-almost regular space if and only if for 
every point x E X and for every {i, j)-regular open set V of X containing x, there exists an 
{j,i)-regular open set such that x gC U i — cl{U) C V. 

Proof. Let V be any (z, j)-regnlar open set of X containing x. Then, X — P is (z,j)- 
regnlar closed set disjoint from {a:}. Since X is (z, j)*-almost regnlar, there exist z-open 
set A and j-open set P in X snch that x E B,X — V C A and A n B = (/). So 
z - cl{B) n A = % ^ i - cl{B) G X - A G V. Then, x E B G i - cl{B) G V. 
Again, B G j — int{i — cl{B)) G i — cl{B) G V. Set U = j — int{i — cl{B)), therefore, 
X E U G i — cl{U) C P as desire. Conversely, let F be any (z, j)-regnlar closed set in X 
and let any singleton {x} disjoint from F. Hence, X — P is (z, j)-regnlar open set contain¬ 
ing X. By hypothesis, there exists (j, z)-regnlar open set P in X containing x snch that 
X E U Gi- cl{U) GXP. SoPCX-i - cl{U),x E P and P C X - i - cl{U) = 0. 
Therefore, X is (z, j)*-almost regnlar. 
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Corollary 2.32. A bitopological space X is B*-almost regular space if and only if for every 
point X E X and for every pairwise regular open set V of X containing x, there exists an 
pairwise regular open set such that x EffU G i — cl{U) V for each i = 1, 2. 

Theorem 2.33. Let a bitopological space X be j-Hausdorff and j-P-space. If X is 
nearly paralindelof, then it is {i, j)*-almost regular. 

Proof. Let x E X and F be any (z, j)-regnlar closed snbset of X snch that x ^ F. Now, 
for every y E F, since X is j-Hansdorff space, there exist two disjoint j-open sets U^y and Vy 
snch that x E Uxy,y E Vy. Since UxyPVy = j — cl(yy)r\Uxy = 0, z/ ^ Uxy Furthermore, 

{a:} C Uxy so that {x} fl I 4 = 0 j — cliVy) C X {x}. 

Now Li = {i — int{j — cliVy)) ■. y E F} 1J{X — F} is (z, j)-regular open cover of X. Then 
U has j-locally countable family W = {Wa ■ a E A} 1J{X — F} of z-open sets which 
rehnes U. Set V = lJ{hFa : oA} so that V is z-open set containing F. Further, let 
H = X — lj{j — cl(Wa ■ a E A}. Since {Wa ■ a E A} is j-locally countable and X is 
j-P-space, then lj{j — cl(Wa) ■ a E A} is j-locally countable by Theorem 12.51 Thus, H is 
j-open set. 

Since W rehnes U and every Wa meets P, for each a E A, there is y E F such that 
Wa F i — int{j — cKVy)) j — cl(W) F j — cl{i — int{j — cliVy))) F j — cliVy) F 
X — {x}. Hence, x ^ j — cl{W) for each a E A. Thus, x ^ lj{j — cl{Wa ■ a E A}. So 
X e X - d{Wa : a E A} = H. Then, F F V,x E H V A H = iji. Therefore, X is 
(z, j)*-almost regular. 


Corollary 2.34. Let a bitopological space X be Hausdorff and P-space. If X is Bi-nearly 
paralindelof, then it is B*-almost regular. 

Definition 2.35. A bitopological space X is said to be {i, j)-weakly regular if for each {i,j)- 
regular closed set F and for each x ^ P such that j — cl{x} O F = i/i, there exist i-open set 
U and j-open set such that {x} F U, F F V and U HV = ij. X is called pairwise weakly 
regular if it is both (1, 2)-weakly regular and (2, l)-weakly regular. 

Theorem 2.36. A bitopological space X is {i, j)-weakly regular if and only if for each point 
X E X and for each {i, j)-regular open set U containing j — cl{x}, there exists i-open set V 
such that X E V F j — cl{V) F U. 

Proof. Suppose that X is (z, j)-weakly regular. Let x E X and V be any (z, j)-regular 
open set containing j — cl{x}. So, G = X — V is (z, j)-regular closed set and x ^ G. Since 
X is (z, j)-weakly regular, there exist there exist z-open set A and j-open set B such that 
{x}FA,GFB andHnP = 0. Now, A FX-B j-cl{A) Fj-cl{X-B) =X-B C 
X — G = V. Then, we have, x E A F j — cl{A) C V. Hence the result. Conversely, let 
the condition holds. Let x E X and P be any (z, j)-regular closed such that x ^ P. Thus, 
X E X F and by hypothesis, there exists z-open set U such that x E U F j — cl{U) F X — F. 
Then, x E U, F F X —j-cl{U) and UOX —j-cl{U) = 0. Therefore, X is (h j)-weakly regular. 
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Corollary 2.37. A bitopological space X is pairwise weakly regular if and only if for each 
point X E X and for each pairwise regular open set U containing j — cl{x}, there exists i-open 
set V such that x E V C j — cl{V) C U for each i,j = 1, 2 and i ^ j ■ 

Remark 2.38. Clearly, every {i, j)-almost regular space is {i, j)-weakly regular because each 
{i, j)-regular open set is i-open. Furthermore, if the bitopological space X is Ti, then, the 
concept of pairwise weakly regularity and pairwise almost regularity are eguivalent. 

Theorem 2.39. In an {i, j)-weakly regular, {i,j)i-nearly paralindelof and j-P-space, every 
pair disjoint {i, j)-regular closed sets can be strongly separated. 

Proof. Let F and G be any (i, j)-regnlar closed snbsets of X. Then, for every point x E F, 
such that j — cl{{x}) contained in F. Since X is (i, j)-weakly regular, there exists Topen set 
Ux containing x and j — cl{Ux) fl G = 0. Now, U = {f4 ■. x E F} 1J{X — F} is a family of 
(i, j)-regular open sets which covers X. Hence, it has j-locally countable family W = {Wa : 
a E A} 1J{A — F} of Topen sets rehning U and covering X. Let W = 1J{1Tq, : a E A} so 
that W is i-open set containing F. Set H = X — lj{j — cl{Wa) '■ a E A}. As the proof of 
Theorem 12.331 and by Theorem 12.51 H is j-open set. For each a E A, there exists x E F such 
that Wa C i — int{j — cl{Ux)) l — cl(Wa) C j — cl{i—int{j — cl{Ux))) C j — cl{Ux) F X — G. 
Then, G A j — cliWa) = 0 for all a E A. Hence, GCA — lj{j — cliWa) '■ a G A} = H. 
Therefore, W and H are i-open and j-open set respectively such that F W,G H and 
W n H = (/) and hence the result. 

Corollary 2.40. In pairwise weakly regular, Bi-nearly paralindelof and P-space, every pair 
disjoint pairwise regular closed sets can be strongly separated. 

Corollary 2.41. In an {i, j)-almost regular, {i, j)i-nearly paralindelof and j-P-space, every 
pair disjoint {i, j)-regular closed sets can be strongly separated. 

Proof. From Remark 12.381 every (i, j)-almost regular space is (i, j)-weakly regular. 

Corollary 2.42. In an pairwise almost regular, Bi-nearly paralindelof and P-space, every 
pair disjoint pairwise regular closed sets can be strongly separated. 

Definition 2.43. A bitopological space (A, ri,r 2 ) is said to be {i, j)r-nearly paralindelof 
if every {i, j)-regular open cover {[/„ : a E A} of X admits {i, j)-regular open j-locally 
countable refinement {Vy : fl E B} such that j — cKjVg) C Ua{i 3 ) for some (3 E B. X is called 
Br-nearly paralindelof is it is both (1, 2)r-nearly paralindelof and (2, l)r-nearly paralindelof. 

Remark 2.44. It clear that every {i, j)r-nearly paralindelof space is {i, j)i-nearly paralindelof 
since every {i, j)-regular open set is i-open. But the converse is not true in general. 

Theorem 2.45. Let X be {i, j)-almost regular {i, j)-semiregular and j-P-space. Then, X is 
Ti paralindelof respect to Tj if and only if X is {i, j)r-nearly paralindelof. 

Proof. Let A be r* paralindelof respect to T 2 . Let U = {Ua '■ a G A} be (i, j)-regular open 
cover of A. For x E X, there is a set Ua eU containing x. Since A is (i, j)-almost regular, 
there exists (i, j)-regular open set neighbourhood 14 of a; such that x E Vx F j — cl{Vx) 4 Ua- 
The collection V = {14 : a; G A} is (i, j)-regular open cover of A so that it is also i-open 
cover of A. By hypothesis, V has j-locally countable family W of i-open sets refining V 
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and covering X, i.e., X = [j{W : W G W} C lj{i — int{j — d{W))W G W} so that 
H = {i — int{j — d{W)) = H : W E W} is a family of (i, j)-regular open snbsets which 
covers X. Now, we have to show that Ti is j-locally conntable, rehnes U and j — d{H) C Ua 
for some a G A. Since {i — int{j — d{W)) : W G W} C {j — d{W) : W G W} and 
{j — d(W) : W G W} is j-locally conntable, Ti is also j-locally conntable by Theorem 12.51 
For each W G W, pick some aw G A snch that H j — d{H) C j — d(W) C 
Therefore, X is (i, j)r-nearly paralindelof. 

Conversely, in (i, j)-semiregnlar space, (i, j)-regnlar open set and i-open are eqnivalent. 
Tims, the proof completes. 

Corollary 2.46. Let X he pairwise almost regular pairwise semiregular and P-space. Then, 
X is RR-pairwise paralindelof if and only if X is B^-nearly paralindelof. 

Lemma 2.47. Let X be {i, j)r-nearly paralindelof, {i, j)-almost regular and j-P-space. Then, 
every {i, j)-regular open cover U = {fA : a G A} of X has {i, j)-regular open refinement 
j-locally countable family V = {Va : a G A} such that j — d{Va) C Ua for all a G A. 

Proof. Since X is (i, j)-almost regnlar space, there is (i, J^-regnlar open cover W = {W : 
W G W} rehning U snch that, for all W G W, j — d{W) C Ua for some a G A. Then, W has 
j-locally conntable family Q = {Ga : A G A} of (h j)-regular open sets which rehnes W and 
covers X snch that for all A G A we have j — d{G\) C Ua for some a G A. Take / : A —)■ A. 
Now, for each A G A, choose /(A) G A snch that j — d{Gx) C t//(A). Set Aq, = f~^{a) for all 
a G A. 

Notice that some members of Aq might be empty and Aq n A^/ = 0 for a ^ a . Let 
Ha = Uasa^, So, the family R = {Ha ■ ol G A} covers X. Now, by nsing Theorem ??, 
we have j - c/(iL„) = j - Gx) = Uasa, J “ cl{Gx) C f/„ 

hence j — d{Ha) C Ua for all a G A. Then, V = {i — int{j — d{Ha)) = lA : a G A} 
is (i, j)-regnlar open cover of X since Ha Pi — int{j — d{Ha)). Since V is a snbfamily of 
j-locally conntable family, then V is j-locally conntable snch that j — c/(Vj) = j — d{i — 
int{j — d{Ha))) P j — d{j — d{Ha)) = j — d{Ha) P Ua for each a G A. 

Corollary 2.48. Let X be Br-nearly paralindelof, pairwise almost regular and j-P-space. 
Then, every pairwise regular open cover U = {Ua '■ o. G A} of X has pairwise regular open 
refinement j-locally countable family V = {Va : a G A} such that j — d{Va) P Ua for all 
a G A for all i,j = 1.2 and i ^ j. 

Theorem 2.49. Let a hitopological space X be {i, j)-almost regular, {j,i)-weakly P and j- 
P-space. If X is {i, j)r-nearly paralindelof such that there exists j-dense set A of X which 
is {i, j)-nearly Lindelof subspace, then X is {i, j)-nearly Lindelof space. 

Proof. Let U = {Ua '■ o G A} be any (i, j)-regnlar open cover of X. By Lemma 
12.471 there exists (i, j)-regnlar open j-locally conntable rehnement V = {Va : a G A} of 
U snch that j — diVa) C Ua for each a G A. Then, {A D Va '■ a E A} forms (i, j)- 
regnlar open cover of snbspace A. Therefore, there exists a conntable set Aq C A snch that 
A P 1J{^ n VA : a G Aq} Then, since X is ij-weakly P-space, we have 
A' = j-d(A) = J-c/(U.,,A„('4nn)) = U«A„ C c u„, 
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Thus, X is (h j)-nearly Lindelof space. 

Corollary 2.50. Let a bitopological space X be pairwise weakly P-space. If X is Br-nearly 
paralindelof such that there exists dense set A of X which is pairwise nearly Lindelof subspace, 
then X is pairwise nearly Lindelof space. 

3. PAIRWISE ALMOST PARALINDELOF SUBSET 

In this section, we are going to study a new class of pairwise almost paralindelof namely 
i?i-almost paralindelof space. 

Definition 3.1. A bitopological space X is {i, j)i-almost paralindelof if every i-open cover 
U of X admits j-locally countable collection V of i-open subsets of X refining U such that 
^ = U{i ~ : V G V}. X is called Bi-almost paralindelof if it is {l,2)i-almost 

paralindelof and (2, l)i-almost paralindelof. 

Proposition 3.2. Let X be {i, j)-almost regular, {i,j)i-almost paralindelof and j-P-space. 
Then, every {i, j)-regular open cover U of X, there exists j-locally countable family of {j,i)- 
regular closed sets which refines U and covers X. 

Proof. Let U be any (i, j)-regular open cover of X. For each point x ^ X, there exists 
(i, j)-regular open set 14 such that 

X eVx <Tj - cl{y^) C U 

for some U E U. Now, V = {14 : a: G X} is (i, j)-regular open cover of X. There exists 
j-locally countable family W of i-open sets which rehnes V such that X = lj{j — cl{W) : 
W G W}. Now, for each a G A, there exists x{a) G X such that 

114 C j - c/(14(a)) 4 U 

for some U eU. Hence, we obtain 

3-cl{W^)Pj-cl{y,,(^))PU. 

Since X is j-P-space, then the family {j — cl{Wa) : a E A} is j-locally countable collec¬ 
tion, using Theorem 12.51 of (j, i)-regular closed sets which rehnes U and covers X. 


Corollary 3.3. Let X be pairwise almost regular, Bi-almost paralindelof and P-space. Then, 
every pairwise regular open cover U of X, there exists locally countable family of pairwise 
regular closed sets which refines U and covers X. 

Remark 3.4. It is clear that every RR-pairwise paralindelof spaces are Bi-almost paralin¬ 
delof. 

Theorem 3.5. Let X be {i, j)-almost regular, {j,i)-extremely disconnected and j-P-space. 
Then, X is {i, j)i-nearly paralindelof if it is {i, j)i-almost paralindelof. 

Proof. If X is (i, j)i-nearly paralindelof, then clearly that it is (i, j)i-almost paralindelof. 
Conversely, let U = {Ua ■ a E A} be any (i, j)-regular open cover of X. For each x E X, 
there is (i, j)-regular open set 14 such that 

X EV,,Pj - cl{Vcc) C Ua 
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for some a E A. Now, V = {\4 : x G X} forms (i, j)-regular open cover of X. Since X is 
(i, j)i-almost paralindelof, there exists j-locally countable family W = {Wp : {3 G B} of i- 
open sets that rehnes V such that X = [j{j—d{Wi 3 ) : /3 E B}. Set Ti = {j—diWis) : /3 E B}. 
For every [3 E B, there exists x{l3) E X such that hF/j C j — diWis) C j — c/(14) C Ua{x) 
for some a{x) E A. Hence {j — diWfi) : 13 E B} rehnes U. Since X is (j, i)"extremely 
disconnected, then j — d{Wi^) = i — int{j — diWis)), i.e., j — c/(hF^) is i-open set, say H. 
Moreover, {j — c/(lF’^) : /3 E B} is j-locally countable because X is j-P-space. Therefore, 
B is j-locally countable family of i-open sets rehning U. Thus, X is (i, j)i-nearly paralindelof. 


Corollary 3.6. Let X be pairwise almost regular, pairwise extremely disconnected and P- 
space. Then, X is Bi-nearly paralindelof if it is Bi-almost paralindelof. 
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